THE SINGULAR FREE BOUNDARY IN THE SIGNORINI PROBLEM FOR
VARIABLE COEFFICIENTS

NICOLA GAROFALO, ARSHAK PETROSYAN, AND MARIANA SMIT VEGA GARCIA

ABSTRACT. We study the singular set in the Signorini problem for a divergence form elliptic op-
erator with Lipschitz coefficients, in the case of zero thin obstacle. The proofs are based on Weiss
and Monneau type monotonicity formulas implying homogeneity, nondegeneracy, uniqueness,
and continuous dependence of blowups at singular free boundary points.

CONTENTS
1. Introduction 1
1.1. Structure of the paper )
2. Preliminary material 6
3. Monotonicity of the frequency 7
4. Some growth lemmas 11
5. A one-parameter family of Weiss type monotonicity formulas 13
6. Almgren blowups and homogeneous blowups 14
7. Some uniformity matters 18
8. Singular set of the free boundary 21
9. A one-parameter family of Monneau type monotonicity formulas 22
10. Nondegeneracy 26
11. Structure of the singular set 31
References 33

1. INTRODUCTION

The aim of this paper is to study the structure and the regularity of the singular free bounda-
ry in the Signorini problem for a variable coefficient elliptic operator satisfying some minimal
assumptions on the coefficients. Our work generalizes the previous one by the first and second
named authors [GP] where the singular set was studied in the Signorini problem for the Lapla-
cian, both for zero and non-zero thin obstacles. In this paper we restrict the analysis to the
situation of a zero thin obstacle; the case of non-zero obstacle is technically more involved and
will be the object of a forthcoming investigation.

This paper is also a continuation of previous work (see [GS] and [GPS]), where the optimal
regularity of the solution of the Signorini problem for a variable coefficient elliptic operator and
the corresponding regularity of the regular part of the free boundary were studied.
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Given a bounded open set 2 C R”, with n > 2, and a self-adjoint, uniformly elliptic matrix-
valued function A(z) in €2, the Signorini problem consists of minimizing the (generalized) Dirich-
let energy
(1.1) min/ (A(x)Vv, V),

Q

veEK

where v ranges in the closed convex set
K=Kgp={veW"?Q)|v=g on 920\ M, v>¢ on M}

Here, M C 02 is a codimension one manifold, g is a boundary datum and the function ¢ :
M — R represents the lower-dimensional, or thin, obstacle. In his seminal work [F] Fichera
proved that, under appropriate assumptions on the data, the minimization problem (1.1) admits
a unique solution u € K, see also [T].

Throughout this paper the matrix-valued function z — A(x) = [a;;(z)] in (1.1) is assumed
to be uniformly elliptic, symmetric and with Lipschitz continuous entries treated by the first
and third named authors in [GS]. We note that allowing for variable coefficients is important
both for applications to elasticity and for the study of a Signorini problem with a non-flat thin
manifold M for the Laplacian. Indeed, if M is C!, for instance, then by a standard flattening
procedure one is led to analyzing a Signorini problem for a flat thin manifold where the operator
has Lipschitz continuous coefficients.

Henceforth, for zp € R™ and r > 0 we let B,(z9) = {x € R" | |x — xo| < r}, and S, (z¢) =
OBy (zp). When z¢p = 0, we will simply write B, and S, instead of B,(0) and S,(0). When
needed, points in R™ will be indicated with = = (', z,), with 2/ € R*~!. We also let B;}f =
{(«/,z,) € By | z, > 0}, B, = {(«/,2) € By | &, < 0}, and indicate with B, = {(«/,0) €
R™ | |2'| < r} the thin ball centered at 0 with radius r and with S, = {(2/,0) € R™ | |2/| = r}
the thin sphere. In all integrals we will routinely omit indicating the relevant differential of
n-dimensional volume dx or (n — 1)-dimensional area do.

Since the problems investigated in this paper are of a local nature, for the problem (1.1)
above we assume hereafter that = B;, and that the thin manifold is flat and given by
M = B] C 0B The set

A?(u) = {z € By | u(z) = p(x)}

is known as the coincidence set, and its boundary (in the relative topology of BY)
I (u) = O, A% ()

is known as the free boundary.
Before we state our main results, and in order to provide the reader with some historical
perspective, we mention that in [GS] the first and third named authors established the following

optimal interior regularity of the unique solution u to (1.1).

Theorem 1.1 (Optimal regularity). Suppose that the coefficients of the matriz-valued function
A(x) be Lipschitz continuous. Let u be the solution of the Signorini problem (1.1), with the thin

obstacle o € CY1(BY), and let 0 € T'¢(u). Then u € C’l’%(B;“/2 U Bi/2).
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We stress that the C'*2 smoothness up to the thin manifold Bj is best possible, as one can
see from the example of the function u(z) = R(zy + i|z,|)%2. When L = A, such u solves
the Signorini problem in Bf“ with B} as thin manifold, obstacle ¢ = 0, and the origin as a
free boundary point. Theorem 1.1 generalized to the case of Lipschitz variable coefficients the
groundbreaking 2004 result of Athanasopoulos and Caffarelli for the Laplacian, zero obstacle
and flat thin manifold, see [AC].

In the subsequent paper [GPS] we have established the C’llo’f regularity of the regular part
R¥(u) of the free boundary. Roughly speaking, this is the collection of all free boundary points
where an appropriate generalization of the Almgren frequency takes its lowest possible value
k = 3/2. The central result in [GPS] was the following.

Theorem 1.2. Under the hypothesis of Theorem 1.1, let x9 € R¥(u). Then, there exists
no > 0, depending on xq, such that, after a possible rotation of coordinate azxes in R" ™1, one has
By (w0) NT¥(u) C R¥(u), and

B,/70 NA?(u) = B,’70 N{xn-1 < g(z1,...,Tn-2)}
for g € CYP(R™2) with a universal exponent € (0,1).

In this paper we are interested in the structure and regularity of the so-called singular free
boundary % (u). This set is the collection of all points z9p € I'?(u) such that the coincidence set

has vanishing (n — 1)-dimensional Hausdorff density at xq, i.e.,

_ H" Y AP (u) N Bl(x0))
(1.2) A 1 (Bl(xy))

=0.

From now on in this paper we assume that the thin obstacle ¢ = 0, and we simply write
D(u), A(u), R(u) and X(u).
We emphasize that the singular set ¥(u) is by no means a small or negligible subset of the

free boundary. For instance, consider in R? the harmonic polynomial

1
u(z) = 2322 — (x% + x%) z2 + gxé.

This function solves the Signorini problem for the Laplacian in Bfr C R? with zero obstacle and
flat manifold M = {(2/,0) | 2’ € R?}. On R? x {0}, we have u(x1,z2,0) = x?23 and therefore
the coincidence set A(u) as well as the free boundary I'(u) consist of the union of the lines
R x {0} x {0} and {0} x R x {0}. Thus, all free boundary points are singular, i.e., I'(u) = X(u).

Hereafter in this paper we assume that the following compatibility conditions on the coeffi-

cients be satisfied
(1.3) ain(2’,0)=0 in By, fori=1,...,n— 1.

The hypothesis (1.3) essentially means that the conormal direction A(z’,0)v coincides with the
outer normal direction v = —e,, on the flat portion B of the boundary of B;". As shown in
the Appendix B of [GS] there is no loss of generality in assuming (1.3) since such condition can

always be achieved by means of a sufficiently smooth diffeomorphism.
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For the purpose of this paper it will be expedient to extend the solution u of (1.1) to the
whole unit ball B;. To accomplish this we extend the coefficients a;; and the boundary datum
g in the following way:

(i) g(z’,2n) = g(a', —an);
(i) aij(2’,zp) = (2, —xy,) for i,j <nori=j=n;
(ill) aimm (2, xn) = —aim (2,

Under these assumptions, if we extend u to the whole By as an even function with respect

—xy) for i < n.

to z,, then the extended function (which we continue to denote by w) satisfies the condition
Dyu(2',0) = 0 at every point (2/,0) € B} where Dyu(a’,0) exists. We stress that such normal
derivative might not exist along the coincidence set, where D;fu and D, u might differ form each
other. The function u is the unique solution to the minimization problem in Bj similar to (1.1),

and it satisfies the following conditions:

(1.4) Lu=div(AVu) =0 in Bf UBy,

(1.5) u>0 in B,

(1.6) (AVu,vy) + (AVu,v_) >0 in B,

(1.7) u((AVu,vy) + (AVu,v_)) =0 in Bi.

(1.8) /B (AVu,Vn) = /B ((AVu,vy) + (AVu,v_))n, ne C5o(By).
1

1
The conditions (1.5)-(1.7) are known as Signorini or complementarity conditions. We note
explicitly that (1.6) and (1.8) imply, in particular, that Lu < 0 in By, i.e., u is a supersolution
of L. The nonlinear condition (1.7) is known as Signorini’s ambiguous boundary condition.
We also note that, since on B} we have vy = Fe,, and in view of the hypothesis (1.3) we

have A(2/,0)e, = ann(2’,0)ey, then on B] we have
(AVu,vy) = —apnDfu, (AVu,v_) = ay, D, u,

where we have respectively denoted by D u and D, u the vertical limits in the x, direction
from within Bfr and By . This convention will be followed throughout the paper. We notice
that at points (2/,0) € B} where u is above the obstacle, i.e., where u(z’,0) > 0, we have from
(1.7) that —D;fu + D;;u = 0, and thus on such set D,u exists, and equals zero, since u is even

n x,.

Definition 1.3. In this paper we denote by & the class of solutions of the normalized Signorini
problem (1.4)—(1.8).

Given u € &, we denote by I';(u) the collection of those free boundary points xy € T'(u)
where the generalized frequency Ny, (uz,,0") = &, see Definition 8.1 below.
Let u € &. We say that z¢ € I'(u) is a singular point of the free boundary if
(A (ay) 0 BY)
50+ HL(BL)
We denote with Y (u) the subset of singular points of I'(u). We also denote

Ye(u) = 3(u) NTk(u).

=0.
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To state the main result of this paper we need to further classify the singular points. To this
end, we rely on the study of blowups of our solution and we define the dimension of ¥, (u) at a

singular point zg € ¥ (u) to be (see Definition 11.1)
di = dim {£ € R" | (¢, Vorpl(+/,0)) = 0, Va' € R},

where pZ° is a nonzero homogeneous polynomial of degree x which is the homogeneous blowup
of u at xo (see Theorem 10.5). We then define

Y (u) = {zg € e (u) | d% = d}.
The following is the main result in this paper.

Theorem 1.4 (Structure of the singular set). Let u € &. Then I'y(u) = Xx(u) for k = 2m,
m € N. Moreover, every set X(u), d € {0,...,n — 2}, is contained in a countable union of

d-dimensional C' manifolds.

The proof of Theorem 1.4 rests on several results and will ultimately be presented at the end of
the paper in Section 10. Loosely speaking, such proof follows the outline of the analogous result
in [GP] for the case of the Laplacian, but the treatment of Lipschitz variable coefficients poses
novel interesting challenges. One of the main results proved here is the “almost monotonicity”
of a one-parameter family of Weiss type functionals, see Theorem 5.3 below. One important
consequence of such result is the fact that the homogeneous blowup (see Definition 6.10) of a
function v € & is a global solution of the Signorini problem which is homogeneous of degree
k = N(u,0"), see Proposition 6.12. Another central tool in the proof of Theorem 1.4 is Theo-
rem 9.3, a monotonicity formula for a one-parameter family of Monneau type functionals. Such
monotonicity formula leads to the crucial non-degeneracy Lemma 10.2 which, in turn, implies
the uniqueness of homogeneous blowups of u € & and that such homogeneous blowup does not
vanish identically. From that point on, the proof of Theorem 1.4 follows along the lines of its
predecessor in [GP] for the Laplacian. In the case at hand some delicate uniformity matters still

need to be dealt with, which is done in Section 7.

1.1. Structure of the paper. The paper is organized as follows. In Section 2 we introduce
some preliminary material used throughout the paper. The monotonicity of an Almgren type
frequency function, N(u,r), is established in Section 3. Section 4 is devoted to some growth
lemmas. In Section 5 we prove one of the main results of this paper, a Weiss-type monotonicity
formula. In Section 6 we introduce the Almgren and homogeneous blowups of our solution.
Furthermore, we use the Almgren and Weiss-type monotonicity formulas to conclude that if
lim, 0+ N(r) = K, both the Almgren and the homogeneous blowups of our solution are homo-
geneous of degree . In Section 7 we deal with the uniformity matters mentioned above stemming
from the fact that we have a variable coefficient matrix. In Section 8 we formally define the
singular set and prove a characterization of singular points. The second main technical result of
this paper, a Monneau-type monotonicity formula, is proved in Section 9. Finally, in Section 10
we use the Almgren and Monneau monotonicity formulas to derive a nondegeneracy property
of our solution, which finally allows us to prove the uniqueness of homogeneous blowups, and

that such blowup cannot vanish identically. We further prove the the continuos dependence of
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the blowups, which allows us to conclude the proof of the structure of the singular set, which is
done in Section 11.
2. PRELIMINARY MATERIAL

Given a matrix-valued function A(x) = [a;;(x)] in By, we consider the problem of minimizing

the generalized energy

(2.1) min /B (A(2) Vi, Va),

uell

where u ranges in the closed convex set
K={ueW"¥B))|u=g on Sy, u> g on Bj}.

Our assumptions on the matrix-valued function z — A(x) = [a;j(x)] in (2.1) are as follows:

(i) aij(z) = aji(x) for i,j =1,...,n, and every x € By;
(ii) there exists A > 0 such that for every x € B; and £ € R", one has
(2.2) NEP < (A(2)€,€) < AHeEP,
(iii) the entries of A(x) = [a;j(x)] are in WH*°(By), i.e., one has for some @ > 0 and every
z,y € By
(2.3) [A(z) — Al < Qlz — yl.

The next lemma expresses a simple, yet important fact.
Lemma 2.1. Suppose A(0) = I,,. Then, for x # 0, one has

(2.4) L|z| = div(A(z)V|z]) = ”|;1 +0(1).

In particular, L|z| € L} (R™).
Proof. With r(z) = |z| and B(z) = A(x) — A(0), we have
div(A(z)Vr) = Ar + div(B(x)Vr) = nT—l + div(B(z)Vr).
Now, if B(x) = [b;;(x)], we have
div(B(z)Vr) = D;(bi;)Djr + bi; Dsjr.

From (2.3) and Rademacher’s theorem we have

_ oo big (o Ty
Dy(biy)Dyr = O (1), byyDyyr = (% 5 ) —0(1).
The desired conclusion thus follows. O
We next introduce the conformal factor
Alx)z,x
(25 ) = (A(@)Vr(o), Ora)) = H2E),

Let us observe explicitly that when A = I,, we have ;1 = 1. From the assumption (2.2) on A one
easily checks that

(2.6) A< pu(z) < AL zeB.
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We have the following simple lemma whose proof we omit since it is similar to that of

Lemma 2.1.

Lemma 2.2. Suppose that A(0) = I,,. Then, one has
(1) p(0) =1,
(2) 1 = pu(z)| < Cla],
(3) [Vul <C,

where C > 0 is universal.

We now introduce a vector field which plays a special role in what follows. With p as in (2.5)

we define
. A(z)Vr _ A(z)x
&1) 2@ =)=y =

A crucial property of Z is that, denoting by v the outer unit normal to the sphere S, we have
(A(x)Vr,Vr)

1
Another important fact concerning the vector field Z is contained in the following

(2.8) (Z,v)y=r

r, on .S,

Lemma 2.3. Suppose that A(0) = I,,. There ezists a universal O(r) such that for every i,j =

1,...,n, one has

(2.9) D;Z; = 6 + O(r).
In particular, one has

(2.10) divZ =n+ O(r).

Proof. From (2.3), (2.7), and from 2) and 3) of Lemma 2.2 we have for a universal O(r)

DiZj _ Di (ajkirk> _ (Diajk)l’k I ajkéki _ a’jkkuDi,U/
© 1% 7! 1
= %—FO(T) = FJ—FO(T) :(Sij +5ij </L — 1) _|_O(7=) :51‘]‘ —|—O(’r‘). 0

3. MONOTONICITY OF THE FREQUENCY

The principal objective of this section is to establish the monotonicity Theorem 3.4 below.

We consider the variational solution u of (2.1) and assume that 0 € I'(u).

Definition 3.1. For r > 0 we define the height of u in the ball B, as

(3.1) H(u,r) :/ u?p.
S,
The Dirichlet integral of w in B, is defined by
(3.2) D(u,r) = / (AVu, Vu,).

The frequency of u in B, is given by
rD(u,r)

(3.3) N(u,r) = )
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Henceforth, when the function v is fixed, we will write H(r), D(r) and N(r), instead of
H(u,r),D(u,r) and N(u,r). Before proceeding we make the observation (important for the
computations in this section) that, thanks to the results in [AU1, AU3|, under the assumptions
of Theorem 1.2 above, we know that the weak solution u of (1.4)—(1.8) isin u € C’llo’?(BfE UBj).
Consequently, all derivatives are classical in the ensuing computations.

Let u be a solution of the thin obstacle problem (1.4)—(1.8) in By with ¢ = 0. In what follows

we recall some important results from [GS], adapted to the case of zero obstacle. We have

(3.4) D(r) = / u(AVu,v).
Next, we recall the following first variation formula for the height:

H'(r) :2/ u(AVu,Vr)—i—/ u’L|z|.
S,

From this formula and from (2.4) in Lemma 2.1 above, we immediately obtain the following

result.
Proposition 3.2. Assume that the normalization hypothesis
(3.5) A(0) =1,

be in place. Under this assumption for a.e. 0 < r <1 one has

n—1

(3.6) @) = "Ly =2 /S WAV, v) = O (1) H(r).

r

Next, we establish a basic first variation formula for the energy.

Theorem 3.3. Suppose that the matriz A(x) satisfy the hypothesis (3.5) and that furthermore
(1.3) be in force. Then, for a.e. r € (0,1) one has

(3.7) D'(r) = 2/r <AVZ’V>2 + <n - 240 (1)) D(r).

Proof. From Theorem A.10 in [GS] we have

"D/ (r) = / (v 2){AVe, V) + /

(Zaij)DiuDju + 2/ Zu(AVu,v)

T T

Sr B!

Thanks to the assumption (1.3) the integral on the thin ball B/ vanishes, and we obtain from
this identity

(3.8) rD’(r):/ (din)(AVu,Vu>+/ (Zaij)DiuDju—l—Q/ Zu{AVu,v)

T a

— 2/ CL”(DZZk)D]UDkU
Sr
Using (2.10) in Lemma 2.3 we find

/ (div Z)(AVu, Vu) = nD(r) + O(r)D(r).

T
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From (2.9) and (2.3) we obtain

—2/S aZJ(Dsz)DJuDku = —2/ Qjj (5119 + 0(7’)) DJ’UJD]C’U, = —2D(7’) + O(T’)D(T’)

T

Finally, the definition (2.7) and (2.3) give

(A(z)z, V(aiz))
p()

From this observation and the hypothesis (2.3) we thus have

Zaij = :O(T‘)

/ (Zaij)DsuDju = O(r)D(r).

T

In conclusion, we obtain from (3.8)
rD/(r) = (n— 2)D(r) + O(r)D(r) + 2 / Zu(AVu, v).
S,

Recalling that Zu = W

r, this gives the desired conclusion. ([l

With these results in hands we can now prove the main result of this section.

Theorem 3.4 (Monotonicity of the adjusted frequency). Assume that the hypothesis of Theo-
rem 8.3 be satisfied. Then there exists a universal constant C' > 0 such that the function

(3.9) N(r) =: e“"N(r)

is monotone nondecreasing in (0,1). In particular, the limit lim N(r) = N(01) exists. We

r—0

conclude that lir% N(r) = N(0%) also exists, and equals N(0F).
r—

Proof. From (3.3), Proposition 3.2 and Theorem 3.3 we have for a.e. r € (0,1)

d _D'(r) 1 H'(r)
JIOgN(T) ~ D(r) ro H(r)
fs (AVu,v) n
=2 D) + +0(1)
n-1_ fS u(AVu,v)
r H(r) (1)
B fSr <AV5’V> fs u(AVu,v)
=7D0) H() .
Z _07

where in the last inequality C' > 0 is a universal constant, and we have used the Cauchy-Schwarz
inequality and the identity (3.4) above. The latter inequality finally gives

d d
_ — >
drlOgN( r) = drlogN(r)—FC'_O,

which implies the desired conclusion. O

Lemma 3.5 (Minimal homogeneity). Assume that the hypothesis of Theorem 3.3 be satisfied.
Then
NOT)== or N(0T)>2
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Proof. With p as in (2.5), we define

Hr)\ /2 1 1/2
d, = <7’”(_1)> = <7’”_1/ u2u> , O0<r<l,
S

and, similarly to what was done in [ACS]| in the study of the thin obstacle problem for the

Laplacian, we consider the non-homogeneous scalings of u,

(3.10) ur(z) = u(;’a:)’ x € Bi1.
With A, (z) = [aj;(x)], where af;(z) = a;;(rz), 0 <r <1, we have

7,,1—n ,rl—n
ey [ @) = T [ E A dee) = T = 1.

1 T r T
Moreover, u, is the (unique) minimizer of the Dirichlet integral
50) = [ (Aa)Ve. Vi,

Bl/r

over the closed convex set
Kr={vewh 2(31/7") | v =1 on Sy, u>0on Bl/r}

where ¥, (z) = %7?). Given a number 0 < p < 1/r, the appropriate (generalized) frequency

function for u, in B, is

A Nu,., Vu,
(3.12) Ni, (ur, p) —pff: ) >,

1
O<p<-—.
r

We emphasize that the notation N, (u,,-) is now necessary in order to emphasize the fact that
the rescaled function u, in (3.10) is associated with the operator L, = div(A4,V). With this
notation the function N (u,r), defined in (3.3), will be denoted by N (u,r). A crucial (and easy
to see) property of the frequency is the following scale invariance: for every 0 < p < %, one has
Ni, (UT, p) = NL(ua Tp)'

From (3.11), the scale invariance remarked above and the monotonicity formula in Theo-

rem 3.4, we obtain

(3.13) )\/ |V, |? < / (A.Vu,,Vu,) = N, (ur, 1)
B B
= NL(U7T) < 6C]VL(u7 1)5

where C' > 0 is the universal constant in Theorem 3.4. On the other hand, (3.11) above gives

(3.14) )\/ u? S/ u? (A, v) = 1.
S1 S1

From (3.13), (3.14), and the trace inequality, we see that
lurllwizs) <C* 0<r<1,

where C* > 0 depends only on n, A and N (u,1). Hence, there exists a function ug € WH2(B)

such that for some subsequence r; — 07,

(3.15) ur, —ug  weakly in Wh2(By).
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Since the embedding W12(By,dx) « L?(S1,do) is compact, we have the strong convergence
(3.16) Uy, = ug in L*(Sy,do),

and also u, — ug in CL (B U B}). We call the function ug a blow-up of the solution u at the
free-boundary point 0 € I'(u). Moreover, by (3.11) and (3.16) we have
(3.17) 1= / u?,(Arjx,@ — ul,
Sl J J—00 Sl
and we infer that ug Z 0 on 5. It is easy to see that ug satisfies the following

Aug =0 in BfUBl_,

ug >0, Oy, ug+ 0y _uo >0, up(dy,uo+y_up) =0 on Bi.

Therefore ug is a normalized solution to the Signorini problem for A in Bj. In particular, by
the results in [AC] we infer that ug € Cl’%(BfE U BY).

We now claim that if fSr ud = 0 for some 0 < 7 < 1, then ug = 0 in Bj. Indeed, one can
easily show that fBr |Vuol? = fSr uo(Vug,v) = 0, so ug = ¢ in B,. Since up = 0 on S,, then
¢ = 0. By the unique continuation property of harmonic functions, we would have that ug = 0
in Bif, hence in By, which contradicts (3.17). Since for every 0 < 7 < 1 one has fSr u3 > 0, and

uy; — ug in Cf, (B U BY), we conclude that

loc

fB,« |VU0|2

(3.18)  Na(uo,7) =r—7—5—= lim Np,_ (up;,r)= lim Np(u,r7;) = Np(u,0+) := k.

fSr ’LLO 7'j~>0+ i Tj%0+

Equation (3.18) shows that the standard Almgren’s frequency function Na (ug, -) of ug is constant
in (0,1), and equals k. By Theorem 1.4.1 in [GP] we conclude that ug is homogeneous of degree
Kk in Bj.

Finally, again from (3.18) we conclude that

fBT,_ Vol
k= Np(u,0") = lim rj—4——5— = lim Na(uo,r;) = Na(up,0").
J—00 fSr. Uy j—00
J

Therefore, if ug is a blowup of w at the origin as above, then ug is a normalized solution of
the Signorini problem for A in B; homogeneous of degree x = Na (ug,0"). We can thus appeal
to Proposition 9.9 and Corollary 9.10 of [PSU] to reach the desired conclusion. O

4. SOME GROWTH LEMMAS

We begin this section by establishing a first basic consequence of Theorem 3.4.

Lemma 4.1. Assume that the hypothesis of Theorem 3.3 be satisfied, and suppose that N(0T) >
k. Then, forr € (0,1) one has

(4.1) H(r) < Crn=1+2e,

where C = eCH(1), with C as in (3.9) above.
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Proof. We return to the equation (3.6) above which, using (3.4), can be written

(4.2) dii log fi(fl) = 2N£T)

+0(1),
for a.e. 0 < r < 1. Since N is monotone on (0,1), by the hypothesis and Theorem 3.4 we have
(4.3) k< NOT)=N(0OT) < N(r)

for every r € (0,1). We now fix r € (0, 1) and integrate (4.2) between r and 1, obtaining

H ! - dt
log H(1) — log Tn(—rl) > 2/ efCtN(t)T -C

L dt 1\ >
> 260/ N(t)T —C>e %log <> -C,
, r
where we have used (4.3). This gives

H
(r) <log H(1) + logr® + C = log e“ H(1)r".

log 1 S

Exponentiating, we obtain the desired conclusion. ]

Next we prove a growth estimate for u that will play an important role in the rest of the
paper.
Lemma 4.2. Under the hypothesis of Theorem 3.3, suppose that N(07) > k. Then, there exists

a universal constant C' > 0, depending also on K, such that for every x € By /5 one has
(4.4) lu(z)| < C |x|".

Proof. We begin by observing that integrating (4.1) in Lemma 4.1 and using (2.6) above, we
obtain for 0 <7 < 1

(4.5) / u? < Cyr e,

where C depends on C,n and k. Since Lu® > 0 in Bi, we can apply Theorem 8.17 of [GT] to
infer the existence of ¢ = ¢(n, \) > 0 such that if B(z,2R) C By, then

(4.6) sup ut <e¢ R*”/2Hu+HL2(B(x72R)).
B(z,R)

Pick now = € By s, and let R = |z[/2. Clearly, B(x,2R) C Byg C By. Applying (4.6) we find
1
n 2
<cR 2 </ u2>
Bur

where in the second to the last inequality we have used (4.5) above. Since a similar result holds

1

ut(z) < e R % </B(x’2R)(u+)2>2 <cR % ([94R(u+)2>

n+2k

<CR Rz =C|z|t,

D=

for u~, we have reached the desired conclusion. ]

Lemma 4.3. Assume that the hypothesis of Theorem 3.3 be satisfied, and suppose that N(0T) >

k. Then, there ezists a universal constant C* > 0 such that for r € (0,1) one has

(4.7 D(r) < C*pn =212,
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Proof. As a first observation we recall the estimate (4.5) above. The desired conclusion (4.7)
would thus follow at once from this observation, provided that the following Caccioppoli type

inequality hold

(4.8) D (g) < %/B u?

for every 0 < r < 1 for a universal constant Cy > 0. To prove (4.8), let o € C5°(B,) be such
that 0 < a<1,a=1on B% and |Va| < %, and define h = a?u. By the Signorini conditions
(1.7) and (1.8) above, we have

/ (AVu,Vh) = / Pu((AVu,vy) + (AVu,v_))dH" ! = 0.
. B

This gives
0:/ a2<AVu,Vu>+/ 2au(AVu, Va),

/ T <2 (/ , “2<AV0%W>>é < / a¥{Avu, Vu))é.

In a standard fashion this gives (4.8). O

which implies

5. A ONE-PARAMETER FAMILY OF WEISS TYPE MONOTONICITY FORMULAS

In this section we introduce a generalization of the Weiss type functional in [GP] and establish

a basic almost monotonicity property of the latter.

Definition 5.1. For k > 0 we define

1 K 9
,rn2+21i/B (AVu, Vu) — Fn—1t2r /STU H

1 K H(r)
= e D) — o H () = e AN(r) — w}

Wi(r) = Wy(r,u) =

Lemma 5.2. Suppose that the hypothesis of Theorem 3.3 be satisfied. If N(0T) > &, then
there exists C > 0 such that |Wy(r)] < C for every 0 < r < 1. If instead N(0") = &, then
W, (01) = 11%1+W,$(r) exists and equals 0.

r—

Proof. The former conclusion is a direct consequence of (4.1) in Lemma 4.1 and (4.7) in Lemma 4.3.
The latter follows immediately from the expression Wy (r) = r,f% {N(r) — k}, and from the
fact that the quotient ﬂ% is bounded in view of (4.1) in Lemma 4.1. O

The following “almost monotonicity” property of the functional W, plays a crucial role in our

further study.

Theorem 5.3. Assume that the hypothesis of Theorem 3.3 be satisfied, and suppose that N(01) >

k. Then, there exists a universal constant C > 0 such that

2
(5.1) %(WH(T)JFCT) > 7«71-2%2/5 (W\};@ _,«;\/ﬁu> .
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As a consequence of (5.1) the function r — Wy(r) + Cr is monotone non-decreasing, and

therefore it has a limit as r — 0. As a consequence, also the limit W, (07) = lim+W,4(r) exists
r—0

and is finite.

Proof. From Definition 5.1 we have

WAP) = e (D) = 22120 - By + S 2 )

Using (3.6) in Proposition 3.2 and (3.7) in Theorem 3.3 we easily obtain
roN 2 (AVu,v) & 2 H(r)

In view of (4.1) in Lemma 4.1 and (4.7) in Lemma 4.3, we conclude that

W.(r) > Tni% /Sr <<ATFZ’ ®) _ /i\/ﬁu>2 -G,

for some universal constant C' > 0. This estimate implies the sought for conclusion (5.1). In

particular, this implies that the function 7 — Wy (r) + Cr has a limit as r — 0%. We conclude
that W, (0") exists and is finite.
O

6. ALMCGREN BLOWUPS AND HOMOGENEOUS BLOWUPS

In this section we consider a solution v € & and, assuming that 0 € I'(u), we introduce two
families of scalings of u at zero, the Almgren scalings and the homogeneous scalings. We further
suppose that the hypothesis (1.3) be in force and that the matrix-valued function z — A(x)
satisfy the assumption (3.5) at zero. Then, we use Theorems 3.4 and 5.3 to establish the existence
of appropriate blowups of u associated with each of these two families of scalings. We begin by

defining the following quantity

o o (B)"

where H(r) is as in (3.1) above. We notice that (4.1) of Lemma 4.1 above implies:

NOT) >k = d. =O(").

Definition 6.1. We define the Almgren scalings of u as follows:

u(rz)

(6.2) e L

The homogeneous scalings of u are defined in the following way:

(6.3) up(x) =

In what follows we introduce the notation p,(z) = p(rz), where p is the conformal factor
defined in (2.5) above. We note explicitly that from (6.1) and (6.2) we obtain

H(r) :/ ugu:r”_l/s u(rz)?pu(re) :r”_ldz/s ﬂz,ur:H(r)/S T
r 1 1 1

u(rz)

" y x € Bl/T'
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This implies in particular that for every 0 < r < 1 one has
(6.4) / W2y = 1.
S1

This normalization is the main reason for introducing (6.2). We also observe in passing that
(6.3) gives trivially
Vu(rz) = r* 'Wu, ().

Lemma 6.2. Let u € S and define A,(x) = A(rz). Then, both the functions @, and u, defined
in (6.2) and (6.3) are even in x,, and solve the thin obstacle problem (1.4)~(1.8) in By, for the
operator L, = div(A, V).

Proof. Tt is easy to verify that u, verifies (1.4)—(1.7) for the operator L,. It thus suffices to prove
(1.8). Given n € C§°(By/,), a change of variable easily leads to
(6.5) / (A, Vi, Vn) = —2/ (ann)rm D, iy,

Bl/r

’
1/r

and a similar equation holds if we replace @, with u,. This establishes the lemma. [l

Remark 6.3. Notice that when considering @, or w, it is important to keep in mind that the
operator being considered is L, = div(A,V). Therefore, to avoid confusion, the functions H (r),
D(r), N(r), N(r) and W,(r) will be denoted by Hp, (r), Dy, (r), Nr,(r), Np, (r) and W, .(r).

If no operator is indicated, it is understood to be L.
We now want to analyze the asymptotic behavior of the Almgren scalings .

Lemma 6.4. Let u € & and suppose that 0 € T'(u). Then,
NLT(fLT, 1) = NL(U,, 7’).

Proof. The result follows from the following direct computation:

Ny (1) = [, (Ar Vi, Vi) _ r? [, (A(rz)Vu(rz), Vu(rz)) B r [z (AVu, Vu)

Js, @ Js, v?(ra)u(ra)  Js,utn
= Np(u,r). O

The next lemma combines Theorem 3.4 with Lemma 6.4 to obtain a uniform bound of the

Almgren scalings in W2 norm.

Lemma 6.5. Let u € & and 0 € T'(u). Assume that the hypothesis of Theorem 3.3 be satisfied.
Given rj — 0, the sequence {1y, }jen is uniformly bounded in Wh2(By).
Proof. By (6.4) and Lemma 6.4 we have with r = r;
/ Vi, |* < /\1/ (A, Vi, Vi,) = \"'Dr, (i,,1) = X' N, (4, 1) = A N (u, 7)
Bl Bl

= A_le_CTNL(ua T‘) < )\_INL(uv 1)7

where in the last inequality we have used the monotonicity of Ny (u,-). Moreover, by (2.5) and

/ a? < )\_1/ Wy = A0
Sl Sl

(6.4) again, we have
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Combining these estimates with the trace inequality, valid for any function v € WH2(B,),
1
/ v? < Cy(n) </ v2+r/ \Vv\2> ,
r T Sr B,

[, lwr2(m,) < oo u

we conclude that

Lemma 6.6. Let u € & and suppose that 0 € T'(u). Assume that the hypothesis of Theorem 3.3
be satisfied. Given r; — 0, there exists a subsequence (which we will still denote by r;) and for
any o € (0,1/2) a function ug € C’llo’?(Rl UR™ 1Y), such that @,, — to in C’llo’?(Ri UR™ ),

Such g is a global solution of the Signorini problem (1.4)—(1.8) in R™ with A = I,,, and we have
o # 0.

1
Proof. We begin by observing that, as it was proved in [GS], we have u € o (BE U BY}) with

loc
Cl’%(Bi UB' < C(TL’)\aQ7HuHW1’2(31))'

[l <
1/2-71/2

Given r; ™\, 0, consider the sequence {7, }jen. By Lemma 6.5 such sequence is uniformly
bounded in W12(By). For any a € (0,1/2), by a standard diagonal process we obtain conver-
gence in Cllo’ca (R UR™ 1) to a function g of a subsequence of the functions ty;. Passing to the
limit in (6.5) we conclude that such g is a global solution to the Signorini problem (1.4)—(1.8)

with A = I,,. Clearly, g is even in z,,. Finally, since by (6.4) we have

~2 ~2
1 —/ Uy by — U,
S1 S1

we conclude that 4g # 0. O

Definition 6.7. We call the function 7y in Lemma 6.6 a Almgren blowup of the function u € &

at zero.

Proposition 6.8. Let u € &, 0 € I'(u), and suppose that the hypothesis of Theorem 3.3 be
satisfied. Let ug be a Almgren blowup of u at zero. If N(0T) = 1im+N(r) exists, then g is a
r—0

homogeneous function of degree k = N(0T).

Proof. Let 0 < r < oo be fixed and consider a sequence r; such that @,, — g as in Lemma 6.6.
Since @, — iig in Cye (R% UR"™!), we have Ny, (ii,;,7) — Na(io,r). On the other hand, by
the fact that N(07) = Np(u,0") exists, we have N (u,rr;) — Np(u,07). Now, Lemma 6.4

gives N (u,rrj) = N Lr, (@, 7). Passing to the limit as j — oo in this equality, we infer
Na(iig, ) = Np(u,0"), 0<r < oco.

Since Almgren’s frequency is constant and equal to x if and only if the relevant function is
homogeneous of degree k, see [ACS], we conclude that 4y must be homogeneous of degree
k= N(0"). O

We next analyze the asymptotic behavior of the homogeneous scalings (6.3).
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Lemma 6.9. Let u € &, 0 € I'(u), and assume that the hypothesis of Theorem 3.3 be satisfied.
Suppose that N(07) > k. Given r; — 0, there exists a subsequence (which we will still denote
by r;) and for any o € (0,1/2) a function uy € C’;&?(Rl UR™1), such that u,;, — ug in

CHY(RE UR™ ). Such ug is a global solution of the Signorini problem (1.4)—(1.8) in R™ with

loc

A=1,.

Proof. We begin by observing that, under the given hypothesis, the conclusion of Lemma 4.1 is
in force. Consider the family {u;, };en. By (4.5) we have

_ —(n+2
/ uzj =7 2“/ u(rjz)? = T (nt2x) u? < Cy.
B B1 BT].

Similarly, using (4.7) we find
/ \Vurj\z = TJQ-_Q”/ |Vau(rjz)|* = 7“]-_"”_2“/ |Vu|?> < A71C*.
By B By,

We conclude that {uy,}jen is uniformly bounded in W'#(B;). Moreover, as proved in [GS],

1
u € Cllo’f (B U B}) with

HUHCL%(Bi UB' < C(n’ )\a Q7 HUHWLQ(Bl))'

1/2 1/2) B

By a standard diagonal process, for any « € (0,1/2), we obtain convergence in Cllof‘(R’i‘ UR™ 1)
of a subsequence of the functions u,; to a function ug. Passing to the limit in (6.5), which also
holds for w,, we conclude that such wug is a global solution to the Signorini problem (1.4)—(1.8)

with A = I,,. Clearly, ug is even in x,. O

Definition 6.10. We call the function ug in Lemma 6.9 a homogeneous blowup of u € & at

zZero.

Remark 6.11. We note that, unlike what happens for the Almgren blowups in Lemma 6.6, it is

not guaranteed that a homogeneous blowup be nonzero.

The name homogeneous blowup is particularly justified by the following result that rests

crucially on Theorem 5.3.

Proposition 6.12. Let ug be a homogeneous blowup as in Lemma 6.9. Then, ug is a homoge-

neous function of degree k = N(0T).
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Proof. Let 0 < r < R. For a fixed r; we integrate (5.1) in Theorem 5.3 over the interval

[rjr,7;R], obtaining:

EEL| (AVu, z) 2
Wn(rjRa u) — WR(T’]‘T’, u) + CTJ(R - 7’) 22 /r-?“ 2K /St ( \/ﬁ o Hﬁu) dodt
J

R 1 (AVu, x) 2
= O - - At A
'r]/r (rjs)”“” /ST.S < NG n\/ﬁu> dods

J

R 1 A(rjy)Vu(ry),rj ?
ZQT;Z/T W/g << (rjy) Vulrsy), my) m/,u(rjy)u(rjy)) dods

p(rjy)
2
2 [ 1 Ar, () Vur, (), y) . ;
- % / . / { J(y)urj(;()y) y>rj_li \/murj(y)rj

2

1 (Ar, (¥)Vur, (y),y)
= 2/ | ”n-i-?/i TJ T] — K IU’T]' (y)urj (y)
Br\Br 1Y pr; (y)

We want to take the limit as 7; — 0 in the above inequality. By the second part of Theorem 5.3
we know that W, (0+) exists (in fact, since we are assuming that N(0") = x, by the second part
of Lemma 5.2 we know that W, (0+) = 0). Now, the left-hand side of the above inequality goes
to zero. Since A(0) = I, by (2) of Lemma 2.2 we know that i, (z) — 1 locally uniformly in
x. From this, and the fact that u,; converges to ug in C’llo’co‘(R’jE UR"™ 1), letting j — oo in the
above inequality we infer that the latter converges to

1 2
022/ ————— ({(Vug,y) — kug)~ .
Bp\B, |Y["TE ( ) )

By the arbitrariness of 0 < r < R < oo we conclude that ug is homogeneous of degree x in
R™. O

7. SOME UNIFORMITY MATTERS

We note that in all results in the above Sections 3-6 we have used in a crucial way the
assumption that at the fixed free boundary point 0 € I'(u) the normalization A(0) = I, be in
force. Since of course this is not necessarily the case at a generic point xzy € I'(u), we next
discuss a change of coordinates which will allow us to deal with this problem while at the same
time keeping some important matters of uniformity under control.

Given the ball B; C R™ and a function u € &, suppose that A(zg) is not the identity matrix
I,, for a given point zg € I'(u) C Bj. We consider the affine transformation T, : R” — R"
defined by

(7.1) T () = A(20) Y2 (2 — x0).

T., is a bijection from B onto its image Q,, = Ty, (B1), and we clearly have Ty, (zg) = 0 € Qy,.
We have the following

Lemma 7.1. The transformation Ty, maps the thin manifold into itself, i.e.,

Tpo(BY) € M, where M = {(z',0) |2’ € R*"}.
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Proof. Tt suffices to show that a normal field to T,,(B}) is constant and parallel to e,. Now, if

7(y) denotes a normal field on T, (B]), it is easy to recognize that for y € T,,(B}) we have

ii(y) = Alzo)*n(T (),

where 7(z) is a normal in x € B]. Since we can take n(x) = e, on Bj, we conclude that
ii(y) = Alwo)Pen,  y € Ty (BY)

is a normal field on T, (B]). Hence, 7(y) is constant on T, (B]). Now the fact that A(zg) has
the form (1.3) implies that

a1;i(zo)
azi(zo)
A(zo)en = ann(xo)en, Alxo)e; = e , 1=1,...,n—1.
an—Li(Q:O)
0

Therefore, e, is an eigenvector of A(xg) with corresponding (positive) eigenvalue A\, (xg) =

1/2

ann(x0). Since the eigenvalues of A(xg)'/* are the square roots of those of A(zg), and the

eigenvectors of A(xg)'/? are the same as those of A(z), we conclude that /A, (x0) = v/@nn(20)
is an eigenvalue of A(z9)'/?, and in fact 7(y) = A(z0)"?en = /ann(z0)en. We conclude that
T,,(B}) C B,. 0

For a given function u : By — R, and a given point xy € B}, we consider the function
Ug, : gz, — R defined by
(7.2) Uao (1) = w0 Ty (y) = ulzo + AV (20)y), Y € Q.-
For a given matrix-valued function A defined in B; we consider A,, defined in 2, as follows
(7.3) Ay (y) = A2 (w0) Ao + A (o)y) A~/ (o).
Lemma 7.2. Suppose that v € S, and that xy € T'(u). Let Ry = dist(xo,S1). Then, the

function ug, is even in x, and satisfies the Signorini conditions (1.4)—(1.8) with respect to the

matriz Ay, in the ball B, ;p (0). In particular, one has in BkRO(O) U B:ERO(O)

(74) onuxo = le(ACCO (y)vuﬁo) =0.

Furthermore, the matriz Ay, satisfies

(7.5) NIEP < (An()6€) < A7%eP,

for any y € B\[\RO(O), and any § € R™. Also, it satisfies (2.3). Finally, the entries of Ay,

satisfy conditions (1.3), and moreover Ay, (0) = I,.

Proof. In a standard way one verifies that if u is a weak solution to Lu = div(A(z)Vu) = 0 in
B, then uy, is a weak solution in Of =Ty, (BE) to
Notice that Ty, (zo) = 0 € Qg,, and by construction we have A, (0) = I,,.

We note explicitly that in passing from the matrix A in B; to the matrix Ay, in g, the
uniform bounds on the ellipticity change from A to A2. We have in fact that (7.5) holds for
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every y € {1y, and any £ € R™. Moreover, hypothesis (2.2) implies that for every xy € B} and
z,p € R"?
(7.7) Az — p| < |AY? (o) (@ — p)| < ATV2 2 —p,
APz —p| < ATV (z0)(z — p)| < Az —p).
We can rewrite the second inequality in (7.7) in the following way
(7.8) M2z = p| < |Tog(2) = Tuy (p)] < A2 — pl,
or, equivalently,
(7.9) B /3 (Tag () © Tag (Br(p)) € B2 (Tig (p))

for any p € R” and r > 0. In particular, if we take p = ¢, and recalling that Ty, (zo) = 0, we
have from (7.9)

(7.10) B /5,.(0) C Ty (Br(x0)) C B%(O).
If we take Ry = dist(xo, S1), we conclude from (7.10) that the function u,, satisfies the equation

(7.4) in the half-balls B\i&RO(O).

Finally, we note that the matrix-valued function y — A, (y) satisfies in €;, an assumption
similar to (2.3). In fact, from (7.7) and (2.3) we have

(7.11) 1420 (9) = Auo W) < AT2Qly =/l .y € Qup.

Given any zp € I'(u), we can now move zg to the origin by considering the function ug, :
Q, — R defined as in (7.2). From what we have shown ug, satisfies (7.4) in the half balls
B\%RO(O). If we denote by I'(uz,) the free boundary of uy, in the ball B ;5 (0), then we have

D(ugy) C Blzp (0) = {(/,0) € R" | |y/'| < VARo}.
Moreover, we claim that us,(y', yn) is even in y, in the ball B, ;5 (0), ie.,
(7.12) U (Y, =¥n) = U (Y, Un)-
This can be easily seen as follows. We write (v, y,) = (v/,0) + ynen. Then,
U (§s —yn) = ulzo + A2 (20) (v, 0) = yu A2 (z0)en) = w(T5 (4, 0) = Vana(zo)ynen).

Since zo = (x(,0), and we have shown that T}, and therefore T, x_ol, maps M onto M, from the

evenness of u in x,, we conclude that

Uz (ylv _yn) - u(Ta;ol (Z/? O) - ann(xO)ynen) = U(Tgc?)l (y/7 O) + ann<$0)ynen) = Ug, (Z//’ yn)

This proves (7.12). The proof of the remaining part of the lemma is left as an exercise to the

reader. O

Having dealt with these matters of uniformity, we introduce the Almgren scalings and the

homogeneous scalings at an arbitrary point z¢ € I'(u).

Definition 7.3. Let u € & and suppose that zg € I'(u). With ug, as in (7.2) above, we define

. Uz, (1) 1 1/2
(7.13) Uy r(2) = ——=, where dy, = | ——5 Hao(r) .

Ay r rh
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The homogeneous scalings of u at xg are defined in the following way:

(7.14) Uz r(T) = M

/,aK/
When z¢ = 0, we simply write @, and wu,.
Notice that, if we let

.“xo,r(iﬂ) = (e, (|I;:|B2)x7 $>7

then we have the following normalization:

~2
/ u:ro,r Hao,r = L
S1

8. SINGULAR SET OF THE FREE BOUNDARY

Let u € &. In this section we introduce those free boundary points of u that constitute the

main focus of this paper and prove a characterization result.

Definition 8.1. Let v € & and let kK > 3/2. We say that z9 € I'y(u) if z9 € I'(u) and
Ny (Uzy, 04) = K, where Ny (tug,,7) := NLwO(umO,r).

Definition 8.2 (Singular points). Let u € &. We say that zp € I'(u) is a singular point of the

free boundary if
n—1 /
L H (Au,) 1 B)
r—0+ ’Hn—l(B;‘)
We denote with ¥(u) the subset of singular points of I'(u). We also denote

Yu(u) =3(u) NTx(u).

=0.

Notice that in terms of the scalings 1y, -, the condition 0 € 3 (u) is equivalent to

(8.1) Jim H" Y (A(ligy ) N BY) = 0.

Before stating the next result we introduce a definition.

Definition 8.3. In what follows we will indicate with " (R™) the class of all nonzero homoge-

neous polynomials p, of degree x in R”, such that:
Apy =0, pe(2’,0) >0, pe(a’, —zn) = pula’, zn).
Theorem 8.4 (Characterization of singular points). Let u € & with 0 € T'y(u) for K > 3/2.
The following statements are equivalent:
(i) 0 € Xy(u).
(ii) Any Almgren blowup of u at the origin (as in Lemma 6.6), tg, is a nonzero homogeneous
polynomial p,; € P (R™).

(iii) kK = 2m, for some m € N.

Proof. Tt follows as the proof of Theorem 1.3.2 of [GP], with minor changes.
(i) = (ii) Step 1: g is harmonic. By (6.5) for 0 < r < 1 and any n € C§°(B) we find

(3.2) /| (4, V1) = =2 [ (@w)Dfan

B{NA(iir)
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By Lemma 6.6 |V, | are uniformly bounded in B;. This fact and (8.1) allow to conclude that

(8.3) lim (ann)r D e = 0.
=0+ JB/nA(ar)

On the other hand, since A(0) = I,, we infer that

/ (ArVi,, V) — (Vig, V).
Bl Bl

We conclude that g is weakly harmonic in By, and therefore by the Caccioppoli-Weyl lemma
it is a classical harmonic function in Bj.

Step 2: g is a polynomial. Since by Proposition 6.8 g is homogeneous of degree k, it can
be extended to all of R™ and such extension will be harmonic. By homogeneity, @y has at
most polynomial growth at infinity. Using Louville’s Theorem, we conclude that 4y must be a
polynomial of degree k.

The implications (ii) = (iii), (iii) = (ii), and (ii) = (i) follow as in Theorem 1.3. in [GP],

and we refer to that source. ([l
Similarly, we can derive more information on homogeneous blowups around singular points.

Lemma 8.5. Let u € & with 0 € X, (u). Then any homogeneous blowup of u at the origin (as
in Lemma 6.9) is a homogeneous polynomial p,, € B, (R™) U {0}.

Proof. We notice that (8.2) still holds with w, instead of @,. Moreover, as shown in the proof of

Lemma 6.9, {u; },<1 is uniformly bounded in W2?(Bj), and by assumption

: n—1 AN
Jim 7" (A(u,) N BY) =0,

The proof then follows exactly as in (i) = (ii) in Theorem 8.4. O

Remark 8.6. Notice that we still cannot conclude that p, is nonzero. This will follow from

Lemma 10.3 below.

9. A ONE-PARAMETER FAMILY OF MONNEAU TYPE MONOTONICITY FORMULAS

The objective of this section is to establish a generalization of the one-parameter Monneau
type monotonicity formulas that were obtained in [GP] for solutions of the Signorini problem
for the Laplacian. Since our main result will appear as a perturbation of the constant coefficient
one, in what follows we will consider harmonic polynomials p,; in R™ which are homogeneous of

degree k and such that p,(z/,0) > 0. For a function p we define

1 2 K 2
) = g [ 1997 e [

Lemma 9.1. For any harmonic polynomial p, which is homogeneous of degree x, we have for

every r >0
v, (r)=0.
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Proof. Since Ap,, = 0 we have Ap? = 2|Vp,|?. Integrating by parts and using the fact that p,

is kK homogeneous, we thus find

1 K 9
(9.1) Uy, (r) = M_H%/S Pe(Vpe,v) — M_Hgﬁ/s P = 0.

Definition 9.2. Let u € & and let 0 € I',;(u). For any p, € B, (R") we define
1
Mig(u, pry 1) = My (r) = o /5.(U —pe)’h,
where p is the conformal factor introduced in (2.5).
The following theorem is the main result of this section.

Theorem 9.3 (Monneau type monotonicity formula). Let u € & and assume that 0 € T'yx(u).
Suppose that the hypothesis of Theorem 3.3 be satisfied. Then there exists a universal constant
C > 0 such that

d

d 2Wy(r)
dr '

T

(9.2)

(Mu(r)+Cr) =

Proof. Let w = u — p,,, so that M, (r) = Wﬁ fSr w?p. Then, as in Lemma 4.4 in [GS], we
find
n—142k 1
M. (r) = _7”"””/5 w?p + T T [2/ w(AVw, Vr) +/ w2L|:1c|] .
At this point we invoke (2.4) in Lemma 2.1, (2) in Lemma 2.2 and (4.4) in Lemma 4.2 to obtain

from the latter equation

2 2K
9.3) M (r) = rm/ w<Avw,x>7M/S W+ 0(1).

T
We next consider

1 K
Wi(r,u) = Wi(r) = rn_2+2,€/ (AVu, Vu) — TTL_HQH/S W,

see Definition 5.1. Using (9.1), and recalling that we are assuming A(0) = I,,, we can write

Wis(r) = Wi(r) = ¥p,(r)
1 1

K K
< 4V’U,, VU> / ug / ’ pH\Q / p2
_ _ 2 — y _ K
rn 242K /T rn 1+2k s, rn 242K : rn 1+2k s,

= g [ AV Vi) = (A0 Vo) + e [ ((A@) = AO) Ve, V)

T T

K 2 _ .2 K 2
_7""_1+2“/s (u _p“)u+r”—1+2’i/5 Pe(1— p).
Since p, is homogeneous of degree x, we have

M_;ZN/ (A(z) — A(0))Vpr, Vpi) = O(r).

T

On the other hand, the estimate (2) in Lemma 2.2 and the homogeneity of p, again give

K 2 o
=142 /Sr pi(l—p) =O(r).
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We conclude that
1
Wilr) = maram / (AVu, Vi) = {AVps, Vpr))
r B,

K
- e [ (0 =t O0)

It is now a simple computation to verify that the difference of the two integrals in the right-hand
side of the latter equality can be expressed in the following form

1

(9.4) W (r) = o

/ ((AViw, Vi) + 2(AVaw, Vp,))

r

K
- M/S (w2 + 2ZUp;q)M + O(’l“)

r

Using the divergence theorem we find

[ ave v = [ w(AVpY) - / L,

T

Using the harmonicity of p, and letting B(x) = A(x) — A(0), we have
Lp,, = div(A(z)Vpk) = Apy + div(B(z)Vp,) = D;i(bij)Djprx + bij Dijps.
By (2.3), and by the fact that p, is homogeneous of degree s, we conclude that for a.e. x € B,
we have
Lpy(z) = O(||) |2,
This fact and (4.4) in Lemma 4.2 allow to conclude that

(9.5) / whpy = O~ 1428,
Substituting (9.5) into (9.4), we find
1 2

K
- M/S (w2—|—2wpn),u+0(r).

We now integrate by parts in the first integral in the right-hand side of (9.6). Using the properties
of p, and the Signorini conditions (1.4)—(1.8), we obtain

1 1 1
M/Br<Avwng> = M/Br wLp/Q—I_Tﬂ_Mﬂ/S\T w<AV’LU,V>—|—

+ 1/3 w((AVw,vy) + (AVw,v_))

frn—2+2fi ,
1
B —W_M;/B, pr((AVu,vy) + (AVu,v_))
1
+ rn—2+2n/ w(AVw, I/> =+ 0(7“)7

where in the last equality we have used (9.5) again. Recalling now (1.6) and the fact that
pe(2’,0) > 0, we have

1
_rn—2+2f-;/B/ pe((AVu, vy ) + (AVu,v_)) <O0.

T
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In conclusion,

1
,r.n72+2/i

1

T T

Substituting this in (9.6) above and recalling (9.3), we conclude

1 2
< - =
Wi(r) < T /Sr w(AVw, z) + T T /S w(AVpy, x)

T

K
- Tn_mn/S (w? + 2wpi)p + O(r)

rM/(r) K 9 2
- 5 + rn—1+2K /57- wop rn—1+2K /S ’UJ<Ava,£E>

T

K
- 7an—1—&-2rc/s (w? + 2wp, )+ O(r)

rM](r) 2
- — + T T /ST w(AVp,, x)
2K

T

r

Finally, since (Vp,,x) — kp,; = 0, using again the fact that A(0) = I,,, (2.3), (2) in Lemma 2.2
and the estimate (4.4) in Lemma 4.2, one verifies that

2 2K
M/s w(AVps, ) = 7“””2”/5 wpgp = O(r).

T T

In conclusion, we have proved that

M/
Wa(r) < om0 5(’”) +0(r).
This estimate gives, for a universal constant C' > 0 (depending also on &)
2W, ~
M) > 20 g
T
This implies that
d ~ 2Wy
— <Mn(r) + C'r) > W, (T),
dr r
thus proving the theorem. O

We now draw an important consequence of Theorem 9.3.

Corollary 9.4. Under the assumptions of Theorem 9.3 we have

d
(97) df (MR(T) + C*T) Z 07
r
where C* is a universal constant. In particular, the limit M(0") = lim M, (r) exists.

r—0
Proof. By the second part of Lemma 5.2 the assumption 0 € T',;(u) implies that W, (0%) = 0.
By Theorem 5.3 there exists a constant C' > 0 such that W, (r)+ Cr is monotone nondecreasing.
We infer that W, (r) + Cr > W, (0") = 0. This implies Wy (r) > —Cr. Combining this estimate
with (9.2) in Theorem 9.3, we obtain

% (M,.;(r) + C’r) > —2C.

The desired conclusion now immediately follows. ([l
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10. NONDEGENERACY

In this section we use the Almgren and Monneau monotonicity formulas to prove a non-
degeneracy property, Lemma 10.2 below. This in turn allows us to prove the uniqueness of
homogeneous blowups, and that such blowup cannot vanish identically. We further prove the
the continuos dependence of the blowups. We start with a lower bound on H (r) which is used

to prove the nondegeneracy property.
Lemma 10.1. Let u € & with 0 € T';(u). Then

(10.1) rdiilogH(r) —(n—1+4+2K)=2(N(r)—K)+O(r) =0, asr—0".

In particular, for every e > 0 there ezist r. € (0,1) and a universal constant C. > 0 (depending

also on w), such that for every 0 < r < r. one has

(10.2) H(r) > Coprnit2nte,
Proof. By (4.2) we have
d H(r) N(r)
—1 =2 1
dr o8 rn—1 r + O ( ) )

for a.e. 0 < r < 1. From this formula, and the fact that N(07) = x, we immediately obtain
(10.1). From (10.1) we see that for every ¢ > 0 there exists 7. > 0 small such that

d
r—logH(r) <2k4+n—1+¢, 0<r<re.

dr
Integrating from r to r., this gives
H(r.) < (E)2n+n—1+e
H(r) — \r ’
from which we conclude, with C. = H (r.)/r?~1+25%€ that
H(r) > Copn—142mte, ]

Lemma 10.2 (Nondegeneracy). Let u € &, with 0 € ¥.(u), and suppose that the hypothesis of
Theorem 8.3 be satisfied. Then there exist universal ¢ > 0 and 0 < ro < 1, possibly depending

on u, such that for 0 <r <ry one has

(10.3) sup |u(z)| > er”.

Proof. We argue by contradiction and suppose that (10.3) does not hold. Then, there exists a
sequence 7; — 0 such that
sup [u(z)]

This implies, in particular,

d,. 1
7" i s,

J

N

Consider now the sequence of Almgren scalings @, (z) = ugj x), j € N. From Lemma 6.9
. y

and Proposition 6.12 above (see also (ii) of Theorem 8.4), we infer the existence of a nonzero
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polynomial ¢, € B (R"), such that @, — g, on C’llof‘(]R” R" 1) as j — oo. Corollary 9.4
implies that the limit M, (u, s, 0") exists. Therefore, we can use the sequence r; to compute

such limit, i.e.,

M,{(U, Gk O+) = hm MH(”? 4k, Tj)
j—o0

Definition 9.2 gives

1 1
M (u, g, 75) = 71—1—&-25/ (u—qe)’p = n_1+2,i/ (u® — 2uq, + qi)u-
T Sr; T Sr;

Now, (10.4) gives

1 2
n—142k utp = 0.
T Sr;

On the other hand, Lebesgue dominated convergence theorem gives

lim [ q.(y)’u(rjy) /qn /qn<oo
J—o0 S5, S1 S1

We infer from this that
3
< / q,%/i>
S
J

1 1 )
0 Srn71+2n |ugelp < 1425 up
A Srj A Srj
1
1 2 : 2
= — u T — 0.
=192k /Srj K </51 0w (y) " 1u( ﬂ/))

D=

NI

J J
J
In conclusion, we have

1
(10.5) M, (u,q.,0") = hmM (U, @, 7j) = hmnH%/S qz,u:/s qz.
5 1

—00
J T'J

By (10.5) and the homogeneity of g, we infer that for every r € (0,1) we have

1
(106) M0 0%) = e [

Since according to Corollary 9.4 the function r — M, (r) + C*r is monotone nondecreasing, we

have that
1

1

2 +y 2

,,nn—1+2/$ /ST(U - QH) ,LL + C*T 2 Mﬁ,(u7 q/'mo ) - ,r-n—].-‘rzfﬂ /ST QKJ
where in the last equality we have used (10.6). Equivalently, we have

1 2 1 2 * 1 2
ST /S (u” = 2uge)p + s /S Qe = =C*r + sy 5 0

r

(10.7)

Recalling that @, (x) = u(drrx), (10.7) is equivalent to

1
o [ (€8 = 2 g ) = ~C'r | - utra),
S1
i.e.,
d, prtl
10. L4 — 2U,q, > _C* — 21— .
(103 [ (f@-2n0) utro) =~ + 5 [ -t
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We claim that the right-hand side goes to 0 as r — 0. Indeed, by the definition (6.1) of d,
and (10.2) in Lemma 10.1, for any € € (0,1) there exists r., C. > 0 such that for 0 < r < r. we

have,
2642 B P2+24n—1 - p2rntl B r2—e
d2 H(r) =~ Cor2etn=lte — (.
prtt
We infer that -7— — 0 as j — co. By (ii) in Lemma 2.2 above we obtain for a universal constant
J
>0

/Qi(l—u(m))‘éSupll—u(m“)l/ i<cr [ ¢
S1 S1 S1

z€S]
Therefore, we have as j — oo

i 2 it 2
L -t e [ & o
Tj JS1 Tj S1

In conclusion, if we let » = r; — 0 in (10.8) we obtain

—/ g2 > 0.
S1

Since ¢, Z 0, we have thus reached a contradiction. O

With the nondegeneracy in hands we are finally ready to prove that, if zero is a singular point,

then the homogeneous blowups of u at zero cannot vanish indentically.

Lemma 10.3. Let u € &, 0 € X.(u), and suppose that the hypothesis of Theorem 3.3 be

satisfied. Then any homogeneous blowup ug as in Lemma 6.9 is nonzero.

Proof. If ug were zero, then there would exist jo such that sup |u,;| < § for all j > jo, where ¢

By
is the constant in Lemma 10.2. Therefore,
cr}’-€
sup Ju] < 22
B, 2
J
However, by Lemma 10.2 we have crj < sup |u|, which gives a contradiction. O
B,

J

Remark 10.4. The arguments of Lemmas 6.9, 8.5 and 10.3 and Proposition 6.12 immediately
show that if u, — g in C’llo’?(R’jE UR™ 1) for r = r; — 0+, then ug € PBF (R™).

We are now ready to prove the uniqueness of the homogeneous blowups.

Theorem 10.5. (Uniqueness of the homogeneous blowup at singular points) Let u € & and
assume that 0 € X (u). Suppose that the hypothesis of Theorem 3.8 be satisfied. Then there
exists a unique px € R (R™) such that the homogeneous scalings u, converge in C®(R% UR™ 1)

loc
to py.-

Proof. Lemmas 6.9, 8.5 and 10.3 guarantee the existence of such a polynomial, so we are left

with proving uniqueness. Let u,; — ug in C’ﬁa’g(RﬁE UR" 1) for a certain sequence r; — 0. By
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Remark 10.4 we know that ug € B (R"™). We then apply Corollary 9.4 to u and ug. Since the

limit M, (u, ug, 07) exists, it can be computed as

M (u,up,0%) = lim My(u,ug,7;) = lim (ur, — uo) pu(rjy) = 0,

rj—0F ri—=0+ Jg,

where the second to the last equality holds because, thanks to the homogeneity of ug, we have

M) = e [ w= = [ (o) = wra)Ptr)

S1
— [ e = woPutry)
S1
Now, since M, (u,ug,0") = 0, we obtain for any » — 07, and not just for the above sequence
r; — 0T, that
Mo, ) = [ (ur = w0)utry) =0,
S1

Therefore, if uf) is a limit of u, over another sequence r = 1“; — 0, then

/ (1o — up)? < 2)\1/ (ug — up ) pu(ry) + 2)\1/ (ur — up)*pu(ry) — 0.
S S S1

This implies that ug = u(, in Sj. Since both ug and u{, are homogeneous of degree x, they must

coincide in R™. O

Lemma 10.6. Let u € &. Then the set Xy is of type Fy, i.e., it is a union of countably many

closed sets.

Proof. The proof follows that of Lemma 1.5.3 in [GP]. Let

Ly = {ﬂfo € Xu(u) N By_yy5 | p7/5 < SUp |ty ()| < ", for 0 < p < A/2(1 - !rrol)}-
P

By Lemmas 4.2 and 10.2, ¥, (u) = U;‘;lEj, so we only need to prove that Ej; is closed. Let
o € E Then clearly zo € B;_y/; and

1
(10.9) 7" S supfus (@) < g, for 0 <p < AV2(1 = Jag),

Sp
therefore it suffices to prove that zp € X.(u). By Theorem 8.4, since k is even, it suffices to
show that NLIO (u,0%) = k. By the upper semicontinuity of the function z — Ni_(u,0%), we
have that Ni, (u,0%) > x. If we had Nz, (u,07) = £ > &, then by Lemma 4.2 we would
have |ug,(z)| < C1]z|® in a small enough ball, contradicting (10.9). Therefore, ]\Nszo (04, u) = &,
proving the result. O

Theorem 10.7 (Continuous dependence of the blowups). Let u € &. Given zg € X, (u), with
K> %, denote by pi° the homogeneous blowup of u at xo as in Theorem 10.5, so that
u(@) = pp (A2 (20) (z — 20)) + o(| A ? (o) (& — z0)|").

Then the mapping o — p=° from T.(u) to P (R™) is continuous, where P (R™) is like in
Definition 8.3. Moreover, for any compact K C X (u)N By, there exists a modulus of continuity
oK, with ox(07) =0, such that

(10.10)  Ju(@) — i (A7 (@0) (x — w0))| < ox (JAT2(20) (& — 20)|)| A~/ (0) (& — z0)I",
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for any x¢ € K.

Proof. The proof follows the ideas of Theorem 1.5.5 in [GP] and is included for clarity and com-
pleteness. P (R™) is a convex subset of the finite-dimensional vector space of all k-homogeneous

polynomials, therefore all norms are equivalent. We will endow such space with the norm of

L%(S).
Given xp € X (u) and € > 0 small enough, there exists 7. = r-(zg) > 0 such that
1
MO (u, Pl re) i= M,{(Umo,pio,’rg) = M/ (umo 7pi0)2/"’ <eég,
&g Srg

where we recall that ug, (z) = u(xg + AY?(x¢)x). This implies that there exists d. = d.(zg) > 0
such that if zp € X, (u) N Bs_(x0), then

1
M (u,pi°,re) = M/S (Uz —pﬁO)ZM < 2e.
€ T

5

Since MZ0(u,p?o,-) + C*r is monotone nondecreasing, we conclude that for . small enough
M2 (u,pil,r) < 3e, 0 <1 < re.

Letting » — 0T, we obtain
M 07) = [ (i ) < 3
S1

which concludes the first part of the theorem. To prove the second part, notice that for |zo—xg| <
0. and 0 < r < rg,

luzg — PR 225,y < lluzg — PRllz2es,y + I1PR° — il n2s,)
< 2(35)1/2rn771+”/\*1/2.
Integrating in r, this also gives an estimate for solid integrals
[tz — D20 L2(Byyy < CEM/2r2™™.
To proceed, we now notice that
Leopi = Legpi — Ap? = div((Azy — V) = VAL, VP + (Az — 1) D?py?
and hence
|L.,p2| < Cr* ' in By,.
This then implies (by using the Signorini boundary conditions)
| L2, (s —p)F| < Cr* ! in By,
and consequently that
[tz — P2 || oo,y < Cr "2 |uzy — P2 2(Byy + Ot
< Ce' 2 4 Ot
by the interior L>®-L? estimates. Rescaling, this gives
(10.11) [z, — P2l ooy < CeV? +7) < C,

for r < 7. small, and C; — 0 as ¢ — 0, where we recall that u,, ,(z) 1= u,(rz)/r". Let now

K C Y,(u) N By be compact. After covering it with finitely many balls Bs. (i )(l‘%) for some
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i € K,i=1,...,N, we conclude that (10.11) holds for all 29 € K if r < 7 := min{r.(z}) |
i=1,...,N}. 0

11. STRUCTURE OF THE SINGULAR SET

We are now ready to prove our main result. We need the following definition.

Definition 11.1 (Dimension at the singular point). Given a singular point z¢ € ¥ (u) we define

the dimension of ¥, (u) at zo to be
% = dim {5 e R™L | (€, V,p®(2',0)) = 0, Vo' € R"—l}.
Notice that, since p2 # 0 on R"~! x {0} (by the Cauchy-Kovalevskaya theorem), we have
0 < dfo < n — 2. Therefore, given d € {0,...,n — 2}, we define
Y (u) = {xg € Te(u) | d%° = d}.

Theorem 11.2 (Structure of the singular set). Let u € &. Then 'y (u) = Xg(u) for k = 2m,
m € N. Moreover, every set X%(u), d € {0,...,n — 2}, is contained in a countable union of

d-dimensional C' manifolds.

Proof. The claim that T'y(u) = X, (u) for k = 2m, m € N, was proved in Theorem 8.4. The proof
of the structure of ¥¢(u) is based on Whitney’s extension theorem, see [W], and the implicit
function theorem, and follows the proof of Theorem 1.3.8 in [GP] with appropriate modifications.
We include it here for completeness.
Step 1: Whitney’s extension. Recall the definition of the sets E; introduced in Lemma 10.6:
K = By = (a0 € D) N By | 507 < sup ey (@)] < o for 0 < p < XV3(1 = [aal)}.

P
We have already proved that T'x(u) = J2, Ej, where each Ej is compact.

If p® denotes the unique homogeneous blowup of u at x°, write

X _ a’a(x) «
P (x) = Z Tiﬁ .
|a|l=k
By Theorem 10.7, the coefficients a,, are continuous on X, (u). Furthermore, combining (10.10)
with the fact that u(xz) =0 on X (u), we obtain

k2 (A2 (o) (x — 20))| < (| AT (o) (2 — w0) )| A™2 (o) (z — wo)[",  for &, € K,
where 0 = 0. For any multi-index a with |o| < k, define, for z € £, (u),

fule) = {

We will prove now a compatibility condition which will allow us to apply Whitney’s extension

0, la| <k

aq(x), |a| = k.

theorem.

Lemma 11.3. For any zg,x € K,

. fatp(@
e 181<R—lol +Z| (o~ a0)? + Rl 0),
Bl<n—|a
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K

where for some modulus of continuity oo = oy,

(11.2) |Ro (2, 20)| < 0a(|lz — 20])|z — zo|" 1.

Proof. (1) Consider the case |a| = . Then f,(z) = aq(z) and we need to prove that R, (z, xo) :=
a0 () — an(xo) is such that |Ry (2, z0)| < 0|z — z¢|). Since x +— aq(x) is continuous on K, this
claim holds.

(2) For 0 < |a| < K, we have f,(z) = 0, while the right-hand side of (11.1) is

Z M(ﬂc—xo)ﬁ+}%a(az,xo): Z M($—$0)7_Q+Ra($a$0)

! —a)!
lo+B]=r & =ry>a 4 )
and it suffices to prove that
a~(xq _
Ro(x,x0) == — Z (VWEO[))‘(m —x0)"" % = —0%p° (x — x0)
Y=k > ’

satisfies (11.2). Assume by contradiction that there exists no modulus of continuity o, such
that (11.2) is satisfied for every g,z € K. Then there exists § > 0 and sequences z§, 7' € K
such that |z} — 2| := p; — 0 and

a7($6) i i\Y—Q i i |k—|a
[v|=k7>a
Consider the scalings
5+ piAY2(a)o)
pi
Without loss of generality, we may assume that zj, — 79 € K and & — & € S;. By Theo-
rem 10.7,

wi(z) = 4 L= (- )

i) = i )] = [MORE LAV i) = Lt + i )o) — 5 i)

< —ox(lpa)lp] = ox(lpial)fel".
i
This implies that w’ converges locally uniformly in R” to p%o, as
(@) - 5 (@)] < [0 (@) = P2 ()] + i (@) - ()
< ox(lpal)lal” + pi (@) - pi (@),
and the map xg — p%° from ¥, (u) to P, is continuous.

Now notice that since 2 € K = E;, then

1 .
—p" <sup |ugi(x)| < jpt, for0<p< /\1/2(1 —|z']),
J S,
which can be rewritten as

1 ) .
=p" < sup lw'(y)| < jpt, for 0 < pp; < AMY2(1 — |27)).
J |A=1/2(2) (AL/2(z} )y —€)|=p
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Passing to the limit, we obtain

1
=p" < sup [p(z)] < jp", 0<p< oo

J Sp(&o)
This implies that {y € ¥ (pZ°) and in particular that
(11.4) 9Ppto(&) =0 for all |B] < .

However, dividing both parts of (11.3) by p'ﬁﬁ_w

? and passing to the limit, we obtain

)= Y g s s,

V=K 7>a (v =)'

contradicting (11.4) for 8 = a. This completes the proof. O

The lemma above allows us to apply Whitney’s extension theorem, concluding that there
exists F' € C"(R"™) such that
0°F = fo, Va| <k.
Step 2: Implicit function theorem. Let zo € X% (u) N E;. By definition, this means that
d=dim{¢ € R" | (¢, Vp2) =0 on R" '},
We note that the equivalent definition of d is given by
d = dim{¢é € R | (£, V8 po) = 0, for any |8] = x — 1}.

Therefore, there exist n — 1 — d multi-indices /] of order |3 =x—1,i=1,...,n—1—d such
that
Vi = Va0 (o) = Vadli p™

x
are linearly independent. On the other hand,
n—1-d
slw)nEc () {04F =0},
i=1
Hence the implicit function theorem implies that ¥%(u) N E; is contained in a d-dimensional
manifold in a neighborhood of xg. Since ¥, (u) = ;2 Ej, the theorem holds. O
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